Abstract-The analogies between successive interference cancellation (SIC) in slotted ALOHA framework and iterative beliefpropagation erasure-decoding, established recently, enabled the application of the erasure-coding theory and tools to design random access schemes. This approach leads to throughput substantially higher than the one offered by the traditional slotted ALOHA. In the simplest setting, SIC progresses when a successful decoding occurs for a single user transmission. In this paper we consider a more general setting of a channel with capture and explore how such physical model affects the design of the coded random access protocol. Specifically, we assess the impact of capture effect in Rayleigh fading scenario on the design of SIC-enabled slotted ALOHA schemes. We provide analytical treatment of frameless ALOHA, which is a special case of SIC-enabled ALOHA scheme. We demonstrate both through analytical and simulation results that the capture effect can be very beneficial in terms of achieved throughput.
I. INTRODUCTION
The rise of M2M communications introduced necessity for efficient random access mechanisms, motivating new research approaches that put novel views on the traditional solutions, such as the slotted ALOHA (SA). One of the promising directions in this respect is the use of successive interference cancellation (SIC) in the slotted ALOHA framework, which enables to exploit collisions and thereby boost the throughput. The use of SIC in framed SA [1] was originally proposed in [2] . A systematic treatment of the concept was presented in the seminal paper by Liva [3] , where the analogies between SIC in framed SA and iterative belief-propagation (BP) decoding or erasure-correcting codes were identified. This opened the possibility to use the theory and tools of codes-on-graphs, laying the foundations of the coded random access. The ideas of coded random access in a setting with framed SA were further developed in [4] - [7] , where the main message is that the use of SIC, coupled with a proper access strategy, grants a throughput that tends to 1 asymptotically i.e., when number of users N → ∞.
The application of coded random access in the original slotted ALOHA framework [8] , where the users perform access on a slot basis, rather than on a frame basis, was proposed in [9] , [10] , introducing the approach of frameless ALOHA. The operation of frameless ALOHA is inspired by rateless codes [11] : the slots are "added" to the contention process until the base station decides to terminate the contention; the contention termination criterion can be based, for example, on throughput maximization. In [10] it was shown that a simple version of the scheme, where the users access the slots with probability that is uniform both over users and slots, leads to throughput values that are the highest in the reported literature for practical number of users in the range N ∈ [50, 1000].
To the best of our knowledge, the only reference to the capture effect in the literature on coded slotted ALOHA was made in [3] , which presents a general modification of the and-or tree evaluation 1 [12] that takes into account the capture effect. In this paper we make several steps forward. First, we present a detailed treatment of the capture effect in coded slotted ALOHA, providing a systematic approach for the actual computation of the expressions that constitute the and-or tree evaluation, as compared to [3] . We apply the derived analysis to the Rayleigh fading scenario in frameless ALOHA and show that higher throughput can be achieved in comparison to the simplest communication model that has no capture effect. We also perform a simulation-based study and demonstrate that the capture effect can be exploited to improve the throughput in the non-asymptotic case.
The organization of the rest of the text is as follows. Section II briefly introduces the concepts of the coded slotted ALOHA and capture effect. Section III provides the system model. Section IV presents a detailed derivation of the andor tree evaluation that takes into account capture effect, and instantiates it for the case of Rayleigh fading and frameless ALOHA. Section V presents both analytical and simulationbased results, while Section VI concludes the paper.
II. BACKGROUND AND RELATED WORK

A. Coded Slotted Aloha
A toy example illustrating the principles of coded SA (i.e., SIC-enabled SA) is shown in Fig. 1 . The nodes on the left represent users, the nodes on the right represent slots, and the edges connect users with slots in which their respective transmissions take place. All transmissions made by a user are replicas of the same packet; we assume that every transmission includes pointers to all other replicas. In its simplest form, when there is no capture effect, SIC proceeds as follows. First, the slots containing a single transmission, referred to as singleton slots, are identified and corresponding transmissions recovered. In the depicted example, Fig. 1a) , s 4 is a singleton slot and the packet of user u 2 is recovered from it. In the next step, using pointers from the recovered transmissions, the slots that contain replicas are identified and the corresponding transmissions removed, i.e., the interference caused by them is canceled. This may result in new singleton slots, as depicted in Fig. 1b) , where s 1 becomes a singleton slot. The above procedure iterates in the same way, until there are no new singleton slots, or all user transmissions have been recovered. We note that the described procedure is completely analogous to the iterative BP erasure decoding, where the left nodes represent the original data symbols, the right nodes represent the XOR-encoded symbols, while an edge from a data symbol to an encoded symbol means that the data symbol is XOR-ed within the encoded symbol.
The SIC algorithm with capture effect is executed in a similar way. A crucial difference is that, instead operating only on singleton slots, the algorithm also exploits slots where the capture effect takes place. Specifically, both in the initial step and in the subsequent iterations, new user transmissions are recovered from: 1) singleton slots, or slots that become singletons due to the interference cancellation, or 2) collision slots, including those that remain collision slots after interference cancellation, in which the capture effect occurs, as explained in the next subsection. Note that this feature introduced by the capture effect is not present in the analogous code-on-graph with XOR-encoded symbols, as in such analogy the decoding is limited only to singleton slots.
B. Capture Effect
When multiple users contend simultaneously for the same slot in SA, it is assumed by default that all transmitted signals in the slot fail to be received due to the collision. However, the capture effect may take place, that is, the strongest received signal may be successfully received despite the presence of interfering signals from other users in the same slot. The capture effect in SA related literature has been considered extensively, see [8] , [13] - [15] .
A typical premise is that a capture can be enabled by having different power levels for different received packets. These differences are results of propagation phenomena, such as fading, shadowing and the near-far effect. Stated more formally, the capture effect occurs when the signal-to-interference-plusnoise ratio (SINR) is larger than a predefined threshold, called capture ratio b. The actual value of the capture ratio depends on the coding/modulation used in a particular system. In [16] , [17] , it is shown that the capture effect is applicable both in narrowband (b ≥ 1) and broadband (0 ≤ b < 1) systems. The random distribution of the signal powers at the receiver and the SINR criterion to determine the capture probability have been considered in a number of works, like [13] , [17] , [18] .
The capture effect can be applied both in multi-packet reception (MPR) and SIC enabled receivers. Typically, the MPR is implemented in broadband systems, where b < 1, such as e.g. spread-spectrum systems. On the other hand, SIC is used in conventional narrowband systems, where b ≥ 1. In this paper we focus on the latter, narrowband scenario, as an appropriate setting for M2M communications. We also note that a typical assumption is that the SIC is performed only on the signals received in the same slot, i.e., intra-slot SIC [16] , [17] . However, the design features of coded SA allow both for intra-and inter-slot SIC, i.e., the interfering signals are removed from all slots where the repeated transmissions take place, thus "unlocking" all the slots where the capture effect can be exploited again.
III. SYSTEM MODEL
We consider a scenario in which N users contend for the access to the Base Station (BS), where N is assumed known at the BS. The contention period is divided into M slots of equalduration, where M is not a priori fixed value. The BS starts and terminates the contention period by sending the beacon; we assume that the duration of the beacon is one slot. For each slot, each user decides whether to transmit or not randomly, with a predefined probability termed slot access probability p a . The value of p a is broadcast by the BS through the beacon that is used to initiate contention and is set to:
where β is a suitably chosen parameter, subject to optimization. Note that p a is the same for all users and constant for all slots. Despite its simplicity, this approach yields exceptionally good results, as verified in [9] , [10] . Denote by u i the i-th user, 1 ≤ i ≤ N , and by s j the j-th slot of the contention period, 1 ≤ j ≤ M . Further, denote by |u i | the number of transmission that u i performs during the contention period and by |s j | the number of colliding transmissions in slot s j . Henceforth, we will refer to |u i | and |s j | as user and slot degrees, respectively. From (1), it is straightforward to show that E[
Also, it could be shown that the actual values of |s i | of |u j | are binomially distributed, which can be approximated by Poisson distributions for the ranges of N , M and β of interest:
where k ≥ 0. During the contention period, u i transmits a signal U i . The BS receives composite signal S j in slot s j :
where: 1) a(i, j) = 1 if user i transmits in slot j, is 0 otherwise, and Pr [a(i, j)
2) h i is the channel coefficient of u i ; and (3) Z j is the noise. The received powers
, 1 ≤ i ≤ N , are assumed to be independent and identically distributed (IID) random variables, that depend on the transmit powers, the statistical distribution of the distance between the user and the BS and the stochastic phenomena on the wireless link [17] ; also, their values do not change during the contention period.
The BS stores all received slots (i.e., the received composite signals) and after each received slot, performs SIC until there are no new degree one slots, or higher degree slots that are exploitable due to the capture effect, as explained in Section II-A. The above process is repeated until the BS terminates the contention period by sending a new beacon; this effectively and a posteriori determines the value of M . For the sake of simplicity we assume a perfect SIC, i.e., there is no residual interference power remaining after SIC is performed. 3 Finally, we introduce the criterion for contention termination. Denote by:
instantaneous fraction of resolved users and instantaneous throughput respectively, where N R is number of resolved users (the term +1 in the denominator of (6) takes into account the slot used for the beacon transmission). The termination criterion consists of two conditions: the contention is terminated either when F R ≥ V , or when T I ≥ S, where V and S are the respective thresholds, chosen such that the expected throughputT is maximized. 4 
Capture Effect in Rayleigh Fading Scenario
Here we briefly treat the case when packets arrive through a frequency non-selective Rayleigh fading channel, a scenario for which the results are presented Section V. We define X i as a random variable that represents received signal-to-noise ratio (SNR) of user u i , i.e., X i = Pi |Zi| 2 , and assume that X i , 1 ≤ i ≤ N , are independent and identically exponentially distributed with meanγ:
3 We note that the presented analysis can be extended to include a proportional model of the residual interference power, as shown in [17] . 4 A comprehensive treatment of the design of the contention termination criterion can be found in [10] . A user transmission is captured in slot of degree n when its SINR is larger than a capture ratio b, i.e., when:
where X represents the user's SNR, X ij , 1 ≤ j ≤ n − 1, are SNRs of the n − 1 interfering users, and b ≥ 1. The condition (8) can be rewritten as:
where
. The above model implies that, in the case when there are no interfering transmission (i.e., when n = 1), a user transmission is recovered only if X ≥ b, i.e., the received SNR has to be sufficiently high. In other words, a user transmission may not be always recovered from a degree one slot, as it is assumed in the simplified SIC scenario, outlined in Section II-A. Also, it is straightforward to show that, with Rayleigh fading, the probability that a user transmission is successfully recovered from a singleton slot is:
IV. ANALYSIS And-or tree evaluation [12] is a standard tool used for derivation and assessment of the asymptotic performance of erasure-correcting codes that when decoded by the iterative BP algorithm. As such, it can be applied for derivation of the asymptotic performance (i.e., when N → ∞) of coded slotted ALOHA, as presented in [3] , [9] . We proceed with a brief overview of the and-or evaluation, to the extent necessary for a seamless incorporation of the capture effect. For the general introduction on the and-or tree evaluation, we refer the interested reader to [12] , [19] .
And-or tree evaluation is concerned with the evaluation of the probabilities that the left-side nodes (i.e, user transmissions) remain unknown (i.e., unrecovered) through the iterations of the SIC algorithm, see Fig. 1 . This is modeled through the exchange of messages flowing between user and slot nodes and carrying the information about the state of the corresponding transmission: not recovered/recovered, which is described with a message value 0/1, respectively. In each iteration, the probability that a message value is 0/1 is updated according to the following rules.
Consider a user u i , who has transmitted k replicas of the packet, see Fig. 2a ), and assume that the probability that the incoming message value is 0 is q, i.e., a replica has not been resolved with probability q. The probability that the value of the outgoing message is 0 is:
i.e., the value of a outgoing message on a edge is 0 only if all incoming messages on the other edges are 0 (the "or" update rule). Averaging (11) over k yields:
where m denotes the iteration, m ≥ 1, 5 and λ k is the probability that a message stems from a node of degree k:
where Λ v is probability that a user performed v transmissions. Note that (12) is the same as in the standard and-or tree evaluation framework; the impact of the capture effect is expressed in the message updates performed in slots. Consider a slot s j whose degree is l, see Fig. 2b ). The probability that the value of an outgoing message is 1 is:
where π l−1 t expresses probability that a user transmission is recovered in a slot of degree l, when l − 1 − t out of l − 1 interfering transmissions have been canceled due to SIC (i.e., t out of l − 1 interfering transmissions remain). More specifically, π l−1 t for 1 ≤ t ≤ l − 1 represents the contribution of the capture effect that may happen on the yet "unknown" messages and which may lead to the user recovery. The combinatorial expression l−1 t is due to the symmetry of the problem setting: the received SNRs of all interfering transmissions are IID random variables and the occurrence of the "appropriate" capture effect on any t out of l−1 interfering transmissions is a priori equally likely. We note that (14) was introduced in [3] ; also, setting π l−1 0 = 1 and π l−1 t = 0 for 1 ≤ t ≤ l − 1 yields the standard "and" update rule, when it is assumed that there are no noise and no captures.
Since perfect SIC is assumed, it is easy to show that:
where (15) stems from (10) , and where C t+1 h is the probability of the event Ξ t+1 h , defined in the following way: at least h captures occurred in the slot of degree t + 1, among these is the capture related to the user transmission which corresponds to the outgoing message, and this capture occurred as the hth capture. It is easy to verify that events Ξ t+1 h , 1 ≤ h ≤ t + 1, are mutually exclusive; we proceed by characterizing the probabilities C t+1 h . 5 It is assumed that r 0 = 1.
Denote by X the received SNR of the user transmission corresponding to the outgoing message, and by X ij , 1 ≤ j ≤ t, the received SNRs of the t interfering users. Due to the symmetry of the problem setting and the perfect SIC, the probability of Ξ t+1 h is:
where (9) . In other words, any ordering of received SNRs such that X is the h-th largest is a priory likely, which is reflected in (17) . At this point we note that the computation of (17) in general case is a challenge in its own right, which can be solved using the evaluation method presented in [17] , and refer the interested reader to this work for the details. Also, for h = 1 it can be shown that in the Rayleigh fading case:
where we used the fact that t j=1 X ij is a random variable with gamma distribution Γ(t,γ).
Averaging (14) over slot degrees leads to:
where m denotes the iteration, m ≥ 0, and ω l is the probability that a message stems from a slot of degree l:
where Ω v is the probability that slot degree is v.
Using (2) and (3) specializes (12) and (19) for the frameless ALOHA:
Finally, the asymptotic probability of user resolution P R and the expected throughput T are computed as:
We conclude by noting that P R and T show the expected asymptotic performance as functions of the statistical descriptions both of the graph and the capture effect, and as such they are not related to the frameless stopping criterion, as introduced in Section III. Fig. 3 . a) Maximum probability of user resolution P * R , b) maximum expected throughput T * , and c) the corresponding optimal expected slot degree β * , as functions of the ratio of number of slots and number of users M/N , for capture threshold b ∈ {1, 2} and ratio of the capture threshold to average SNR b/γ ∈ {0.1, 1}. Fig. 3 shows the asymptotic performance obtained by the and-or tree evaluation: a) the maximum probability of user resolution P * R , b) the corresponding maximum expected throughput T * , and c) the optimum average slot degree 6 β * for which P * R and T * are achieved, as functions of M/N . The results are presented for b ∈ {1, 2} and ratio of the capture threshold to the average SNR b/γ ∈ {0.1, 1}. As expected, the increase in b adversely affects the throughput. Also, for fixed b, increase in b/γ lowers the throughput; this could be expected as well, as lower b/γ implies: 1) higher probability of recovering a user transmission from a degree one slot, see (10) and (15), and 2) more chance for the alignment of the received SNRs such that capture occurs in higher-degree slots, cf. (18) . Comparing the results for β * shows that higher throughput is obtained for higher average slot degrees, i.e., the higher slot-access probabilities, see (1) , which could be expected as well. Finally, Fig. 3 shows that the ratio M/N for which the maximum throughput occurs, decreases as this maximum increases. This is due to the behavior of P * R , i.e., the sooner 6 Which determines the optimum slot access probability, see (1) . P * R starts to rise, the higher the T * , see Fig. 3a ) and (24). On the other hand, the behavior of P * R reflects the fact that, for more pronounced capture effect (i.e., for lower b and lower b/γ) and adequate β, more users are resolved sooner.
V. RESULTS
A. Asymptotic Performance
The values of the overall maximum throughput T * max and the corresponding P * R , β * and M/N from Fig. 3 are listed in Table I , and compared to a scenario where the impacts of both capture effect and noise are neglected [9] . Obviously, when the impact of noise is low, i.e., low b/γ, see (10) , capture effect provides for substantially higher throughputs compared to the scenario without capture effect. In the case with a considerable impact of the noise, i.e., when b/γ = 1, the probability of recovering transmission from a degree one slot is only 0.37, see (10) ; this adversely impacts the asymptotically achievable throughput, as shown in Table I . We conclude by noting that the optimal β * is substantially higher in scenarios with capture effect, i.e., capture effect favors more collisions per slot.
B. Non-Asymptotic Performance
The results in this section are obtained as follows. For each combination of N , b and b/γ, the throughput is maximized over the parameters β, S and V , which are varied with a step 0.01 through the range of interest. For each tuple β, S, V , 10000 simulation runs are made; each run is executed until F R ≥ V or T I ≥ S, when F R , T I and the number of slots M are recorded and then averaged over runs.T max is the maximum of the average throughput. The optimal values of the parameters that yieldT max are denoted as β * , S * and V * . Table II lists the maximum average throughputsT max , the corresponding average fraction of resolved usersF R , the optimal expected slot degrees β * , and the normalized average length of the contention periodM /N . In addition, Table III lists the corresponding optimal values of V * and S * . Obviously, the throughput performance follows the same trends identified by the and-or tree evaluation: it decreases as b increases, for fixed b decreases as b/γ increases, and, the higher the throughput, the higher β * required to achieve it. Further, the throughput increases as N increases; the same behavior was observed in [9] , [10] , and it is due to the wellknown fact that rateless codes perform better as the length of the information sequence increases.
However, when compared to the results presented in Table I , it is obvious that the non-asymptotic throughput values are lower. This can be explained by the fact that the and-or tree evaluation assumes that the underlying graph on which SIC is performed is a tree. On the other hand, in the non-asymptotic case, the actual graph contains loops which cause interdependencies among slots' contents and which may prevent recovery of the related user transmissions; these loops are shorter when the number of users is lower. The interdependencies among slots with respect to SIC are further amplified by the fact that in the assumed system model the received SNR of a particular user has the same value in all slots in which user transmitted; this detail is also not considered in the and-or tree evaluation. The discrepancy between the asymptotic and non-asymptotic performance is particularly pronounced for low b/γ, when the "potential" both of the degree one slots and the capture effect is low. Also, it could be shown that for low b/γ, in most of the cases the length of the contention period M is only a few slots and the contention is terminated when T I ≥ S * ; this can be also observed by inspecting the values ofF R ,M /N , V * , and S * in Tables II and III . In other words, the instances in which few user transmissions have been resolved at the beginning of the contention period are immediately terminated, as the attained throughput is likely only to decrease.
VI. CONCLUSIONS
In this paper we analyzed the impact of the capture effect on the SIC-enabled slotted ALOHA framework, with an emphasis on the case of frameless ALOHA in Rayleigh fading scenario. We have shown that a pronounced capture effect boosts the potential of the SIC, by favoring a higher number of colliding user in a slot, and thereby leading to considerably higher throughput. These results motivate further investigation of coded random access, but with further refinement of the models at the physical layer, such as actual modulation and coding. 
